Statefinder diagnosis for the extended holographic Ricci dark energy
  model without and with interaction by Yu, Fei & Zhang, Jing-Fei
ar
X
iv
:1
30
5.
27
92
v1
  [
as
tro
-p
h.C
O]
  1
3 M
ay
 20
13
Statefinder diagnosis for the extended holographic Ricci dark energy model without
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We apply the statefinder diagnostic to the extended holographic Ricci dark energy (ERDE) model
without and with interaction to study their behaviors. We plot the trajectories of various parameters
for different cases. It is shown that the non-interacting model does not reach the LCDM point {1, 0}
and the interacting one is favored, because the interaction makes the evolution of the statefinder
pair {r, s} quite different.
PACS numbers: 98.80.-k, 95.36.+x
I. INTRODUCTION
A series of astronomical observations over the past decade indicate that our universe is undergoing a state of
accelerated expansion [1–5]. The combined analysis of these observational data shows that the present universe is
dominated by an exotic component (about 73%), dubbed dark energy, which has negative pressure so as to accelerate
the expansion of the universe. And the rest 27% is matter components (cold dark matter plus the baryon) and
negligible radiation [6, 7]. For the sake of lending support to this abnormal phenomenon by theoretical argument,
physicists have done a great deal of work, including construction of new dark energy models [8–11] and modification
of the gravity theory [12]. Thereinto the simplest one is the cosmological constant. Einstein originally introduced
this constant into his field equation for getting a static cosmological solution in 1917, according to his transcendental
concept about the universe. But later on, it had been unused for decades, of course, because the universe is not static.
Recently, along with the discovery of the cosmic accelerated expansion by supernova data of 1998, the cosmological
constant has been put forth once again. It corresponds to the vacuum energy with an equation of state w = −1.
However, this model suffers from two fundamental problems, which are the fine-tuning problem and the cosmic
coincidence problem [13]. In addition, theorists have brought forth various scalar field models of dark energy [10], in
which the equation of state parameter w is dependent on time, such as quintessence [14], phantom [15], quintom [16],
tachyon [17], ghost condensate [18] and so on.
In essence the dark energy problem should be an issue of quantum gravity, although there is no mature theory
of quantum gravity with so many things unknown and uncertain at present. Currently, making an approach to
dark energy in the frame of quantum gravity is the famed holographic dark energy inspired by the holographic
principle [19, 20], which leads to the energy density ρde = 3c
2M2pL
−2, where c is an introduced numerical constant,
Mp is the reduced Planck mass withM
2
p = (8piG)
−1 and L is the infrared (IR) cut-off. Among series of the holographic
models, it is proved that those with the Hubble scale and the particle horizon as the IR cut-off cannot give rise to
the cosmic acceleration [21, 22]. Instead, Li takes the future event horizon as the IR cut-off, leading to a successful
holographic model [22]. However, since the application of the future event horizon means that the history of dark
energy depends on the future evolution of the scale factor a(t) [23], some other versions of the holographic dark energy
have been put forth, such as the agegraphic dark energy model [24] and the holographic Ricci dark energy (RDE)
model [25]. Recently, the RDE model has been extended to the following form [26]
ρde = 3M
2
p (αH
2 + βH˙), (1)
where α and β are constants to be determined. Obviously, this extended model can reduce to the RDE [25] for the
case of α = 2β. In this paper, we will focus on this extended Ricci dark energy (ERDE) model.
So far dark energy models have grown in number. An approach is claimed to differentiate between them. As is
well known, the statefinder is a sensitive and robust geometrical diagnostic of dark energy, which is constructed using
both the second and third derivatives of the scale factor a(t) [27, 28]. Let us consider the general form for the scale
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2factor of the universe
a(t) = a(t0) + a˙|0(t− t0) + a¨|0
2
(t− t0)2 +
...
a |0
6
(t− t0)3 + · · · . (2)
Since the cosmic accelerated expansion is a fairly recent phenomenon, we can confine our attention to small values of
|t− t0| in Eq. (2). Thus, define the statefinder pair {r, s} as
r ≡
...
a
aH3
, s ≡ r − 1
3(q − 1/2) . (3)
We know that the Hubble parameter H = a˙/a is constructed using the first derivatives of a(t), while the deceleration
parameter q = −a¨/(aH2) the second. So r is naturally the next step beyond H and q, and s is a linear combination of
r and q. At the present time, the statefinder diagnostic has already been used to diagnose and discriminate behaviors
of many dark energy models [29–43], especially of the holographic dark energy models [44–47].
In this paper, we apply the statefinder diagnostic to the ERDE model without [26] and with [48] interaction and
finally we will see the advantages of the interacting model. In the next section we briefly review the interacting ERDE
model. In Section III we do diagnosis with the statefinder to the ERDE model without and with interaction. The
last section is for conclusion.
II. BRIEF REVIEW OF THE INTERACTING ERDE MODEL
To begin with, we shall briefly review the interacting ERDE model [48]. The conservation equations of energy
densities in the spatially homogeneous and isotropic universe read
ρ˙de + 3H(1 + w)ρde = −Q, (4)
ρ˙m + 3Hρm = Q, (5)
where w is the equation of state parameter (EOS) of dark energy, Q denotes the interaction between dark energy
and matter by the form Q = 3bH(ρde + ρm) with b the coupling constant [49]. Positive b indicates that dark energy
decays to matter, whereas matter to dark energy for negative b. When introducing the parameter rρ = ρm/ρde as
the density ratio of matter to dark energy, Q can be rewritten in the form Q = 3b(1 + rρ)Hρde. Making use of the
conservation equations we can get
r˙ρ = 3H
[
wrρ + b(1 + rρ)
2
]
. (6)
Moreover, the Friedmann equation is
3M2pH
2 = ρde + ρm, (7)
and the derivative of H with respect to time can be given,
H˙ = −3
2
H2
(
1 +
w
1 + rρ
)
. (8)
Defining the fractional energy densities Ωde ≡ ρde/(3M2pH2) and Ωm ≡ ρm/(3M2pH2), the Friedmann equation reads
Ωde +Ωm = 1. So rρ also has the form rρ = ρm/ρde = Ωm/Ωde, leading to
Ωde =
1
1 + rρ
. (9)
Substituting Eqs. (1) and (8) into Eq. (7), we get the relationship between w and rρ,
w =
(
2α
3β
− 1
)
(1 + rρ)− 2
3β
. (10)
Further, replacing w in Eq. (6) by Eq. (10), we obtain a differential equation of rρ with respect to x = ln a, i.e.,
drρ/f(rρ) = dx where
f(rρ) =
(
2α
β
− 3 + 3b
)
r2ρ +
(
2α
β
− 3− 2
β
+ 6b
)
rρ + 3b,
= Cr2ρ +Brρ +A. (11)
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FIG. 1: (Color online.) The curves of r(s), r(q) and w′(w) in the ERDE model without interaction respectively in the r − s,
r − q and w′ − w planes for variable β. The dots denote today’s values of these parameters and q0 = −0.595 and w0 = −1 for
all the cases.
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FIG. 2: (Color online.) The curves of r(s), r(q) and w′(w) in the ERDE model with interaction respectively in the r− s, r− q
and w′−w planes for variable b with the best-fit β = 0.46. The dots denote today’s values of these parameters and q0 = −0.595
and w0 = −1 for all the cases.
After integration, rρ is gained in the form
rρ(x) =
√−∆tanh
[
−
√−∆
2
(x +D)
]
−B
2C
, (12)
where ∆ = 4AC −B2 < 0 is the discriminant of the quadratic polynomial f(rρ) and the integration constant D is
D = − 2√−∆ tanh
−1
[
2Crρ0 +B√−∆
]
. (13)
In the process of integration, boundary conditions w0 = −1 and rρ0 = Ωm0/Ωde0 = 0.27/0.73 have been used
and the subscript “0” denotes the current values of the physical quantities. They are well consistent with current
observations [4, 50]. Under these conditions α is determined by β,
α =
2 + 3βrρ0
2(1 + rρ0)
. (14)
At this rate, through Eq. (12), Eq. (10) describes the evolution of dark energy.
III. STATEFINDER DIAGNOSIS FOR THE ERDE MODEL WITHOUT AND WITH INTERACTION
In what follows, we do diagnosis with the statefinder to the above ERDE model. According to one of the basic
dynamical equations of cosmology
a¨
a
= −4piG
3
(ρ+ 3p), (15)
where ρ and p denote respectively the total energy density and pressure of the universe, the statefinder parameters
have the form in terms of ρ and p,
r = 1 +
9(ρ+ p)
2ρ
p˙
ρ˙
, s =
(ρ+ p)
p
p˙
ρ˙
, (16)
4as well as the deceleration parameter
q = − a¨
aH2
=
1
2
+
3p
2ρ
. (17)
Further, in view of ρ = ρm + ρde and p = pm + pde = pde = wρde, ρ keeps conserved and satisfies ρ˙ = −3H(ρ + p)
while p˙ = w˙ρde + wρ˙de. Note that the conservation equation of dark energy (4) is a little more complicated, so we
introduce the effective equation of state of dark energy by
weff = w + b(1 + rρ), (18)
then Eq. (4) recovers the standard form
ρ˙de + 3H(1 + w
eff)ρde = 0. (19)
So the statefinder and deceleration parameters can be expressed as
r = 1− 3
2
Ωde
[
w′ − 3w(1 + weff)] , (20)
s = 1 + weff − w
′
3w
, (21)
q =
1
2
+
3
2
wΩde, (22)
where “ ′ ” denotes the derivative with respect to x = ln a and H = dx/dt. When there is no interaction, i.e., b = 0,
we have weff = w. Therefore, the LCDM model with w = −1 leads to constant statefinder parameters below
{r, s}|LCDM = {1, 0}. (23)
This means that the LCDM model corresponds to a fixed point (s = 0, r = 1) in the statefinder r − s plane. Thus,
in virtue of this feature, other models of dark energy can be measured for the distance between them and the LCDM
point to study their behaviors.
First, we plot curves of r(s), r(q) and w′(w) in the ERDE model without interaction respectively in the r − s,
r − q and w′ − w planes in Fig. 1. In the r − s plane, we see clearly that r is time dependent while s constant. This
is the same as that in quiessence models (QCDM) in which w = constant 6= −1. But what’s different is shown in
the w′ − w plane, i.e., w is not a constant. Especially when α = 2β, the model reduces to RDE. The trajectories
of statefinder parameters coincide with that in Ref. [47], namely, β = 0.5 makes the statefinder pair {r, s} a fixed
point {1, 0} corresponding to LCDM model and the universe ends in a de Sitter phase corresponding to the point
(w = −1, w′ = 0) in the w′ −w plane, also if β < 0.5, the trajectories will lie in the region r > 1, s < 0 while β > 0.5
in the region r < 1, s > 0. This is sort of different from the general case (1), in which r starts from 1 to increase and
s < 0 for the fitting β, even for β > 0.5. Therefore it is concluded that in the non-interacting case the model does
not reach the LCDM point {1, 0}.
Secondly, let us see the effect of the interaction on the ERDE model from Fig. 2, where the best-fit values for
parameters are taken [25, 47, 48, 51–54]. In the r − s plane, the interaction makes curves of r(s) different essentially.
The curves for interacting cases can reach or tend to the LCDM point {1, 0}, even for very small b, and that both
r and s are time dependent. Also the trajectories can lie in the region r < 1 and s > 0, which are forbidden in the
non-interacting case (see the r − s plane in Fig. 1). For the reason why this phenomenon appears, we can see it from
the evolutions of r and s with respect to the redshift z in the ERDE model without and with interaction in Fig. 3.
Clearly the interaction can make r cross r = 1 and s cross s = 0, so curves of r(s) can reach or tend to the LCDM
point {1, 0}, namely, the ranges of r and s are enlarged.
Finally, we plot curves of r(s), r(q) and w′(w) in the general HDE model with b = 0.05 respectively in the r − s,
r− q and w′−w planes in Fig. 4. We find that for the case of β = 0.5 and b = 0.05, the statefinder pair {r, s} evolves
just at the LCDM point {1, 0} at present, as also can be recognized in Fig. 3, i.e., when z ∼ 0, r0 ∼ 1 and s0 ∼ 0.
Furthermore, we find that the smaller β or b is, the earlier the interacting model reaches the LCDM point {1, 0} in
the r − s plane. So for the ERDE model, the introduction of interaction makes its behavior more like other HDE
models put forth before. That is to say, the ERDE model with interaction is more favored.
IV. CONCLUSION
In this paper, we apply the statefinder diagnostic to the ERDE model without and with interaction. In the non-
interacting case, r is dependent of time while s is a constant, like the QCDM models. But the difference between
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FIG. 3: (Color online.) The evolutions of the statefinder parameters r and s with respect to the redshift z in the ERDE model
without and with interaction.
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them is that w is time dependent in the former while w a constant in the latter. The non-interacting model does not
reach the LCDM point {1, 0} in the r− s plane. Especially for the case of α = 2β, it reduces to Ricci dark energy and
β = 0.5 plays an important role in its evolution [47]. In the interacting case, the interaction changes in essence the
behavior of the ERDE model, because it makes s no longer a constant and enlarges the ranges of r and s, then the
LCDM point can be reached or tended to. This is similar to other HDE models, so we can conclude that the ERDE
model with interaction is more favored. We hope that the future high-precision observations can offer more and more
accurate data to determine these parameters precisely and consequently shed light on the essence of dark energy.
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